The distance matrix D(G) of a graph G is the matrix containing the pairwise distances between vertices. The transmission of a vertex v i in G is the sum of the distances from v i to all other vertices and T (G) is the diagonal matrix of transmissions of the vertices of the graph. The normalized distance Laplacian,
Introduction
Spectral graph theory is the study of matrices defined in terms of a graph, specifically relating the eigenvalues of the matrix to properties of the graph. In this paper, we introduce a new matrix, the normalized distance Laplacian, and compare it to previously well studied matrices. We now begin by recalling some definitions.
Let spec(M) denote the spectrum of a matrix M and let p M (x) denote the characteristic polynomial of matrix M. The spectral radius of a matrix M with eigenvalues ν 1 ≤ · · · ≤ ν n is ρ M = max 1≤i≤n |ν i |. An n×n real symmetric matrix M is positive semi-definite if x T Mx ≥ 0 for all x ∈ R n . Equivalently, a real symmetric matrix M is positive semi-definite if and only if all its eigenvalues are non-negative. If all eigenvalues are non-negative, observe ρ M = ν n . Note all matrices we will consider are real and symmetric.
A graph G is a pair G = (V, E), where V = {v 1 , . . . , v n } is the set of vertices and E is the set of edges. An edge is a two element subset of vertices {v i , v j }, also denoted as just v i v j . We use n = |V | to denote the order of G and assume all graphs G are connected and simple (i.e. no loops or multiedges). Two vertices v i and v j are neighbors if v i v j ∈ E(G) and the neighborhood N(v) of a vertex v is the set of its neighbors. The degree of a vertex v is deg(v) = |N(v)|. A graph is k-regular if deg(v i ) = k for all 1 ≤ i ≤ n. A weighted graph is a graph with vertices V = {v 1 , . . . , v n } and weight function w such that w(v i , v j ) = w(v j , v i ), w(v i , v j ) > 0 if v i v j ∈ E(G), and w(v i , v j ) = 0 if v i v j ∈ E(G). In a weighted graph, the degree of a vertex v i is deg(v i ) = j =i w(v i , v j ). Any unweighted graph G may be seen as a weighted graph with w(v i , v j ) = 1 for all v i v j ∈ E(G).
The adjacency matrix of a weighted graph G is the real symmetric matrix defined by (A(G)) ij = w(v i , v j ). The eigenvalues of A(G) are called the adjacency eigenvalues and are denoted λ 1 ≥ · · · ≥ λ n (note that while adjacency eigenvalues are ordered largest to smallest, Laplacian eigenvalues will be ordered smallest to largest). The degree matrix is the diagonal matrix D(G) = diag(deg( The four matrices are also denoted just A, L, Q, and L when the intended graph is clear. Note that while all these matrices are defined for graphs in general, in this paper we consider them for connected graphs only, unless otherwise stated.
Graham and Pollak first introduced distance matrices in [14] in order to apply them to the problem of loop switching in routing telephone calls through a network. Much work has been done to study the spectra of distance matrices; for a survey see [2] . The distance matrix, denoted D(G), has entries (D(G)) ij = d(v i , v j ) where d(v i , v j ) is the distance (length of a shortest path) between v i and v j . Requiring that every graph G be connected ensures that d(v i , v j ) is finite for every pair of vertices v i , v j ∈ V (G). The eigenvalues of D(G) are called distance eigenvalues and are denoted ∂ 1 ≥ · · · ≥ ∂ n (note that while distance eigenvalues are ordered largest to smallest, distance Laplacian eigenvalues will be ordered smallest to largest). In a graph G, the transmission of a vertex v ∈ V (G), denoted t G (v) or t(v) when the intended graph is clear, is defined as t
In [1] , Aouchiche and Hansen defined the distance Laplacian and the signless distance In Section 2, we define the normalized distance Laplacian and show many properties of its eigenvalues can be derived from properties of the normalized Laplacian. We also find bounds on the normalized distance Laplacian spectral radius and provide data which leads to conjectures about the graphs achieving the maximum and minimum spectral radius. Methods using twin vertices to determine eigenvalues for the normalized distance Laplacian are described in Section 3 and applied to determine the spectrum of several families of graphs. In Section 4, we define the generalized distance characteristic polynomial and draw parallels to the generalized characteristic polynomial.
Two non-isomorphic graphs G and H are M-cospectral if spec(M(G)) = spec(M(H)); if G and H are M-cospectral we call them M-cospectral mates (or just cospectral mates if the choice of M is clear). A graph parameter is said to be preserved by M-cospectrality if two graphs which are M-cospectral must share the same value for that parameter (can be numeric or true/false). Cospectral graphs and the preservation of parameters has been studied for many different matrices. Godsil and McKay were the first to produce an adjacency cospectrality construction [12] but many other papers study cospectrality of the normalized Laplacian (see, for example, [6] , [8] , [9] , [19] ). Several of these papers also discuss preservation by M-cospectrality; for a table summarizing preservation by A, L, Q and L cospectrality of some well known graph parameters, see [7] .
Cospectrality of D, D L , and D Q was studied by Aouchiche and Hansen in [3] and cospectral constructions have been found for the distance matrix in [17] . Conspectral constructions for the distance Laplacian matrix were exhibited in [4] and several graph parameters were shown to not be preserved by D L -cospectrality. In Section 5, we find all cospectral graphs on 10 or fewer vertices for the normalized distance Laplacian and show how some of the graph pairs could be constructed using D L -cospectrality constructions. We also use examples of graphs on 9 and 10 vertices to show several parameters are not preserved by normalized distance Laplacian cospectrality and provide evidence that cospectral mates are rare for this matrix.
The normalized distance Laplacian
As with the combinatorial Laplacian matrix, it is natural to define a normalized version of the distance Laplacian matrix. In this section, we introduce this new matrix and derive many properities of its eigenvalues.
It is easy to draw parallels between the properties of A, L, Q, and L and the properties of D, D L , D Q , and D L . In the remainder of this section, we present results that are known to hold for the adjacency matrix and its Laplacians, followed by their generalizations to the distance matrices.
Both the normalized Laplacian and the normalized distance Laplacian include square roots (unless the graph is regular or transmission regular, respectively). This can make computation of eigenvalues difficult with these matrices. Because of this, we can turn to similar matrices that make computation slightly easier. In [10] 
Call the eigenvectors
The following relationship between the eigenvalues of A(G) and L(G) can be observed using Sylvester's law of inertia. The analogous result for D and D L can be shown using the proof technique suggested by Butler in [5] . Two matrices A and B are congruent if there exists an invertible matrix P such that P T AP = B. Sylvester's law of inertia states that any two real symmetric matrices that are congruent have the same number of positive, negative, and zero eigenvalues. Proof.
, and therefore they have the same number of positive, negative, and zero eigenvalues. It is easy to see 0 is an eigenvalue of
In special cases, we may deduce an exact relationship between the eigenvalues of various matrices. The following fact is easy to observe and well-known in the literature. 
. This observation can be applied to compute the D L -spectrum for some transmission regular graph families. The spectrum of
and the complete graph is n − 1-transmission regular, so it is easy to observe spec(
In [1] , the distance Laplacian eigenvalues are given for a cycle. For even length cycles where n = 2p,
and for odd length cycles where n = 2p + 1,
The cycle is a transmission regular graph with transmission
when n is even and transmission
when n is odd. So we can apply Observation 2.6 to these known spectra to obtain the eigenvalues of D L (C n ).
Proposition 2.7. Let C n be the cycle on n vertices. Then if n = 2p is even,
In her book that describes the normalized Laplacian matrix [10] , Chung finds many bounds on the eigenvalues of L. We now show similar results hold for the eigenvalues of the normalized distance Laplacian. The first result provides a range in which all eigenvalues of L lie and notes that both bounds are achieved. The result appears with proof in [10] and is stated without proof for weighted graphs in [7] ; one can verify the proof from [10] remains valid for weighted graphs.
Theorem 2.8.
[10] For all weighted connected graphs G,
and only if G is non-trivial and bipartite.
This result generalizes with one notable difference: The normalized distance Laplacian never achieves 2 as an eigenvalue for n ≥ 3. Observe the normalized distance Laplacian of a graph G is the normalized Laplacian of the weighted complete graph W (G) with edges
The next result is an application of Theorem 2.8 to W (G) along with the observation that complete graphs on n ≥ 3 vertices are not bipartite.
Corollary 2.9. For all graphs
Since this bound is not tight, a natural next question is: Which graphs have the largest spectral radius? Using a Sage search [20] , the maximum spectral radius of any graph on a given numbers of vertices was determined for n ≤ 10. The results are listed in Table 1 below. Define KP K n 1 ,n 2 ,n 3 for n 1 , n 3 ≥ 1, n 2 ≥ 2 to be the graph formed by taking the vertex sum of a vertex in K n 1 with one end of the path P n 2 and the vertex sum of a vertex in K n 3 with the other end of P n 2 . Note the number of vertices is n = n 1 + n 2 + n 3 − 2 and
It is natural to conjecture a pattern from the graphs given in Table 1 . For example, for n = 3ℓ, one might conjecture that the graph achieving the maximum value of ρ D L is KP K ℓ+1,ℓ+1,ℓ . However, as n grows larger, this pattern does not hold. For example, when Table 2 we provide evidence that ρ D L (KP K n 1 ,n 2 ,n 3 ) tends towards 2 as n becomes large for some n 1 , n 2 , n 3 . Note that these graphs were the graphs with largest ρ D L found by checking several graphs in the KP K n 1 ,n 2 ,n 3 family on Sage, and are not guaranteed to have the largest ρ D L of all graphs on n vertices or even within the family KP K n 1 ,n 2 ,n 3 . This data leads to the next conjecture. L spectral radius achieved by a graph on n vertices tends to 2 as n → ∞ and is achieved by KP K n 1 ,n 2 ,n 3 for some n 1 + n 2 + n 3 = n + 2.
This family also shows that while ρ D L is subgraph monotonically increasing (see [1, Theorem 3.5] ), ρ D L is not. Specifically, we can see that P n is a subgraph of KP K n 1 ,n 2 ,n 3 for all n 1 + n 2 + n 3 = n + 2. However, it has been verified using Sage [20] 
The following result provides a bound for the smallest non-zero eigenvalue and the largest eigenvalue with respect to L. 
The proof of this result can be used to prove nearly the same result for D L . Note the proof of equality of the first inequality if and only if G is K n could not be generalized, since the proof relies on L having 0 entries corresponding to non-adjacencies.
We can see that Theorem 2.12 provides a lower bound on the spectral radius of D L . As previously computed, this is the spectral radius of the complete graph, so this minimum is achieved by K n . In fact, we can prove the following stronger statement.
by definition. As in the proof of the previous theorem, we have
Theorem 2.13 shows that any other graph achieving minimal spectral radius would be D L -cospectral to the complete graph K n . The next conjecture would follow if it was shown that K n has no D L -cospectral mates. Using Sage [20], we can verify that K n is the only graph achieving minimum ρ D L for n ≤ 20.
Conjecture 2.14. For a graph on n vertices,
if and only if G is the complete graph K n , and so K n is the only graph achieving minimum spectral radius with respsect to D L .
We may also bound the eigenvalues of one matrix in terms of the other. Butler described a relationship between the eigenvalues of L and L. The next result appears with proof in [5] and is stated without proof for weighted graphs in [7] ; one can verify the proof from [5] remains valid for weighted graphs. 
Since the above result holds for weighted graphs, we can again apply the result to the weighted complete graph W (G) to obtain a similar result for D L . Note the distance Laplacian of G is the combinatorial Laplacian of the weighted complete graph 
3 Using twin vertices to determine eigenvalues of the normalized distance Laplacian
A pair of vertices u and v in G are called twins if they have the same neighborhood, and the same edge weights in the case of a weighted graph. If uv is an edge in G, they are called adjacent twins and if uv is not an edge in G, they are called non-adjacent twins. Twins have proved very useful in the study of spectra. In this section, we show how twin vertices can be used to compute eigenvalues of D L and apply these results to compute the spectra for several families of matrices. is an eigenvalue of D L (G).
Theorem 3.1 cannot be used to prove anything for non-adjacent twins, since all vertices are adjacent in the weighted complete graph. However, the proof of the following result adapts the method used to prove Theorem 3.1 to the normalized distance Laplacian. 
so the first and second rows and the first and second columns are the same except for in the 2 × 2 submatrix indexed by v 1 , v 2 . This submatrix is 1
. . .
So we see k+2 k
is an eigenvalue of D L (G) with eigenvector x, as desired.
We can now apply Corollary 3.2 and Theorem 3.3 to compute the D L -spectrum of some well known families. and there are m − 1 such pairs. We also have that 0 is an eigenvalue. We have accounted for n + m − 1 eigenvalues so only one eigenvalue remains, denote this eigenvalue ν. Observe
By computation,
. Theorem 3.6. The complete graph on n vertices with one edge removed,
Proof. Let V (K n ) = V (K n −e) = {v 1 , . . . , v n }. By vertex transitivity of the complete graph, let e = v 1 v 2 . Then it is easy to observe v 1 and v 2 are non-adjacent twins while v 3 , . . . , v n are adjacent twins. Since t(v 1 ) = t(v 2 ) = n and t(v i ) = n−1 for i = 3, . . . , n, Theorem 3.3 shows n+2 n is an eigenvalue with multiplicity 1 while Corollary 3.2 shows n n−1 is an eigenvalue with multiplicity n−3. Since 0 is always an eigenvalue, we have accounted for n−3+1+1 = n−1 eigenvalues. Calculation shows the remaining eigenvalue is ν = n 2 − n + 2 n(n − 1) .
The normalized distance Laplacian characteristic polynomial and distance generalized characteristic polynomial
An alternative to direct computation for determining eigenvalues of a matrix is to compute the characteristic polynomial of the matrix. In this section we generalize a method of computing the L characteristic polynomial to the D L characterisitc polynomial. Then we define the distance generalized characteristic polynomial and show it has similar properties to the generalized characteristic polynomial.
Methods of computing characteristic polynomials have been found for various matrices associated with graphs. Such a method was found for the weighted normalized Laplacian in [9] and is given below. A decomposition D of an undirected weighted graph G is a subgraph consisting of disjoint edges and cycles. Let s(D) denote the number of cycles of length at least three in D, let e(D) denote the number of cycles in D that have an even number of vertices (here, consider an edge to be a cycle of length two), and let F (D) be the set of isolated edges in the decomposition. Note a decomposition need not be spanning, and in fact the empty decomposition is included.
Theorem 4.1. [9] Let G be a weighted graph on n vertices. Then the characteristic polynomial of the normalized Laplacian matrix is
where the sum runs over all decompositions D of the graph G.
Applying this result to the normalized distance Laplacian viewed as a weighted normalized Laplacian, we obtain the following formula for computing its characteristic formula.
Corollary 4.2. Let G be a graph on n vertices. Then the characteristic polynomial of the normalized distance Laplacian matrix is
where the sum runs over all decompositions D of the complete graph K n .
Let N(λ, r, G) = λI n − A(G) + rD(G). The generalized characteristic polynomial is φ(λ, r, G) = det (N(λ, r, G) ). When the parameters are clear, we also use the notation just N(G) and φ(G) or even just N and φ if the graph is also clear. Is it known that if φ(G) = φ(H) then G and H are A, L, Q, and L cospectral. We now define an analogous polynomial for the distance matrices D,
When the parameters intended are clear, we also use the notation just N D (G) and φ
, and
Also note the leading term for all graphs
, and D L cospectral. In [18] , the authors explore properties of non-isomorphic graphs G and H for which φ(G) = φ(H). The next theorem is one of their main results. The proof of the above theorem uses [18, Lemma 2.3] , which holds for any diagonal matrix but is applied to the degree matrix. It also uses [18, Lemma 2.4], which is stated specifically for the adjacency matrix. However, this lemma holds for all real symmetric matrices; we state the lemma in its full generality next from its original source. 
We now observe the proof given for [18, Theorem 2.1] can be used to show the following more general result. Characteristic polynomials are often difficult to calculate. Because of this, many reduction formulas exist. In [19] , Osborne provides one such reduction algorithm for the generalized characteristic polynomial φ(G). For a matrix M(G) and a subset of vertices α ⊂ V , let M α (G) be the submatrix obtained by deleting the rows and columns corresponding to the vertices in α from M. 
We now prove a reduction result for φ D (G) using similar proof techniques.
Theorem 4.9. Let u be a vertex in G, let CP(u) denote the cyclic permutations of S n that do not fix u, and let V (σ) denote vertices not fixed by a permutation σ. Then,
Proof. Let the vertices of G be 1 = u, 2, . . . , n and let (N(G)) ij = n ij . It is clear
. Partition S n in to P 1 and P 2 such that σ ∈ P 1 if σ(1) = 1 and otherwise σ ∈ P 2 . Write σ as a product of cycles σ = σ 1 σ 2 . . . σ ℓ such that 1 ∈ σ 1 . Clearly,
If σ ∈ P 1 , then sgn(σ) = sgn(σ 2 . . . σ ℓ ) and
Fixing σ 1 , consider all other permutations of the remaining vertices. This gives
Cospectral graphs with respect to the normalized distance Laplacian
In this section, we show cospectral graphs with respect to the normalized distance Laplacian are rare. In Section 5.1 we exhibit and discuss the 5 cospectral pairs on 8 and 9 vertices as well as interesting examples of cospectral pairs on 10 vertices. We show the number of edges in a graph, degree sequence, transmission sequence, girth, Weiner index, planarity, kregularity, and k-transmission regularity are not preserved by D L -cospectrality. We compare D L -cospectralitity with D L -cospectrality and provide examples of pairs of graphs which are both D L -cospectral and D L -cospectral, as well as pairs only cospectral with respect to one of the matrices. We also exhibit graphs that are cospectral only for D L and graphs which are cospectral for all matrices
2, the number of graphs on 10 or fewer vertices with a D L -cospectral pair is computed and compared with the number of graphs with a M-cospectral pair, where
That section also includes a discussion of computational methods.
Cospectral pairs on 10 or fewer vertices
The first instance of cospectral graphs with respect to the normalized distance Laplacian occurs on 8 vertices and there is only one such pair, shown in Figure 2 x. The only difference between the graphs is the light If a graph G has vertices v 1 , v 2 , v 3 , and v 4 such that v 1 and v 2 are non-adjacent twins, v 3 and v 4 are non-adjacent twins, and t(v 1 ) = t(v 3 ) then we say {{v 1 , v 2 }, {v 3 , v 4 }} is a set of cotransmission twins. In [4] , a cospectral construction is described for the distance Laplacian using co-transmission twins. If a graph G has co-transmission twins
Note that the graphs in Figure 2 can be constructed this way from their base graph with co-transmission twins {{1, 2}, {3, 4}}, so they are
However, this construction does not always find D L -cospectral graphs. The graphs in Figure 3 can be constructed from their base graph using co-transmission twins {{1, 2}, {3, 4}}, so they are cospectral with respect to D L , but they are not cospectral with respect to D L . Figure 4 , the three pairs can be seen by including 0, 1, or 2 of the dashed edges {1, 4} and {2, 3} (note including just the edge {1, 4} or just the edge {2, 3} creates isomorphic graphs, so we only need consider one of these cases). 
One can easily verify that in each of the three base graphs in Figure 4 , C = {{1, 2}, {3, 4}} is a set of cousins and the subgraph of G + {1, 2} induced by {1, 2, 3, 4} is isomorphic to the subgraph of G + {3, 4} induced by {1, 2, 3, 4}. Therefore all three pairs of cospectral graphs can be constructed by Theorem 5.1 and so are
. Again, we can see this does not always work. The pair of graphs in Figure 5 can be constructed in the way described in Theorem 5.1 using their base graph and the set of cousins {{1, 2}, {3, 4}}, so they are D L -cospectral. However, they are not D L -cospectral. The last D L -cospectral pair on 9 vertices is shown in Figure 6 . While the other three D L -cospectral pairs involve edge switching, in this pair two additional edges (light colored) are added to the first graph to obtain the second. x. The graphs in Figure 6 show that the number of edges, the degree sequence, and the transmission sequence are not preserved by D L -cospectrality. The degree sequence of a graph G is the list of degrees of the vertices in G and the transmission sequence of a graph G is the list of transmissions of the vertices in G. The transmission sequence of G 1 is [9, 9, 9, 9, 10, 10, 10, 10, 12] and the transmission sequence of G 2 is [9, 9, 9, 9, 9, 9, 10, 10, 10] . The degree sequence of G 1 is [4, 6, 6, 6, 6, 7, 7, 7, 7] and the degree sequence of G 2 is [6, 6, 6, 7, 7, 7, 7, 7, 7] . This pair also provides an example of a cospectral pair that is x. Therefore planarity is not preserved by D Lcospectrality.
The Weiner index of a graph G with vertices
and the girth of a graph is the length of the shortest cycle in the graph. The pair of graphs in Figure 8 show girth, Wiener index, k-regularity, and k-transmission regularity are not preserved by D L -cospectrality. This is in contrast to D Lcospectrality, which preserves the Weiner index (observe [3] ). While F 1 has girth 5, Weiner index 75, is 3-regular and is 10-transmission regular, F 2 has girth 3, Weiner index 50, is 8-regular, and is 15-transmission regular. Note that while this shows kregularity and k-transmission regularity are not preserved by D L -cospectrality, both graphs are still regular and transmission regular so it does not show regularity or transmission regularity are not preserved. These graphs share the x. The diameter of a graph G is the maximum distance between any pair of vertices in Q from their D L -spectrum. However, since the two graphs have different regularity and different transmission regularity, it is clear that their spectra will be different for every other matrix. Therefore F 1 and F 2 serve as an example of graphs which are only cospectral with respect to D L . We can also find a pair of graphs which are
and D L . In Figure 9 , the two graphs are both diameter 2, 5-regular, and 13-transmission regular and they are D L -cospectral, so they will be M-cospectral for all M = A, L, Q, L, D, D L , and D Q as well. We can also see this by noting that φ(λ, r, 
The number of graphs with a cospectral mate
The number of graphs which have cospectral mates has been computed for all graphs on 10 and fewer vertices for all eight matrices discussed in this paper (except for L, for which the number of graphs with a L-cospectral mates has only been computed for 9 and fewer vertices). These values are given in Tables 3 and 4 . In Table 5 , the percentage of graphs which have a cospectral mate is given for each matrix. It is obvious that D L has significantly fewer graphs with a cospectral mate that any previously studied matrix on 10 or less vertices and we conjecture this pattern continues in to larger number of vertcies. This makes the normalized distance Laplacian a useful tool for determining if two connected graphs are isomorphic. Table 3 : Number of graphs with a cospectral mate with respect to each matrix. Counts for A, L, Q from [16] , counts for L from [8] .
The similar matrix T −1 D L was used for all computations rather than D L since it does not include square roots and runs more quickly on Sage. To find D L -cospectral graphs graphs on 8 and fewer vertices, it was sufficient to use the Sage command cospectral.graphs(), which takes as its input any matrix defined with respect to a graph. However, this method was too computationally slow for 9 and 10 vertices.
The method used for 9 and 10 vertices is a multi-step process that sorts the graphs in to groups of potentially cospectral graphs with an approximation of their characteristic 3  2  0  0  0  0  4  6  0  0  0  0  5  21  0  0  2  0  6  112  0  0  6  0  7  853  22  43  38  0  8  11,117  658  745  453  2  9 261 polynomials using double precision decimal arithmetic. Each characteristic polynomial is evaluated at a large number, and then the floor and ceiling of the result is taken modulo a large prime number. The graphs are then sorted in to groups by this value. Using both the floor and ceiling is to ensure cospectral graphs end up in the same group at least once, despite any numerical approximation error. Within these groups, potential cospectral graphs are found by evaluating each approximated characteristic polynomial at a prime number, and searching for pairs of graphs for which this value is within an ǫ = 0.00005 tolerance. Then each of these pairs is checked for cospectrality using their exact characteristic polynomial.
Concluding remarks
In this paper we introduced the normalized distance Laplacian. In Section 2, we see that many of the properties of the normalized Laplacian can be extended to this new matrix and find differences between the two. Most notably, while µ = 2 is a normalized Laplacian eigenvalue of a graph G if and only if the graph is bipartite, ∂ L < 2 for all graphs G on n ≥ 3 vertices. It is natural to ask the following further questions: what is the maximum D L spectral radius achieved by a graph on n vertices and which graphs achieve it? Based on the behavior of the family KP K n 1 ,n 2 ,n 3 for large n 1 , n 2 , n 3 , we conjecture that the maximum D L spectral radius tends to 2 as n becomes large and that this value is achieved by some graph in the family KP K n 1 ,n 2 ,n 3 . We also found that the complete graph K n achieves the minimal spectral radius and conjecture that is the only such graph.
It would be interesting to find methods for constructing D L -cospectral graphs. Since in Section 5 we show examples of D L -cospectral constructions producing D L -cospectral graphs, it seemes likely that a suitable additional restriction placed on a D L -cospectral construction may provide a D L -cospectral construction method.
